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and so on, exactly as Professor Van Velzer does. 

This example fortunately is easy, and the process as applied to it appears 
to the best advantage. It is desirable however to see the shady side as well, 
and for this purpose I give the curious identity 



11111 

a * + k «i + & 3 « 2 + & 4 a i + h «4+ & l 
«4+ 6 3 «5 + 6 4 a i + h a i+K a * + K 
«3 + & 4 «4+ & 5 «5+ 6 l a ! + b * ^K 

a 2 + 6 5 %+ b i a i+K a s+K «,+&« 

which possesses considerable interest in the theory of alternants. 
Bishopton, Glasgow, Scotland, Oct. 1882. 
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a 6 — 6 2 a, — 6 3 a 2 — b i a 3 — 6 6 a 4 — 6, 

a ~ K a —K a '—K a ~K a z—h 
a — & 4 a —K a ~K a —K a — 6 a 

a„ — 6s a —6, a,— 6„ a. — 6„ a,— 6, 



INTEGRATION OF SOME GENERAL CLASSES OF 
TRIGONOMETRIC FUNCTIONS. 



BY PKOF. P. H. PHILBEICK, IOWA STATE UNIVERSITY, IOWA CITY. 
[Continued from page 180, Vol. IX.] 
dx C adx tan a; sec a; 



.. r *» = r. 

J (a+6 sec a;)" J i 



(a +6 sec a;) 
v r sec^da; 
J (a+6seca7) n + 2 ' ~J(a-fbaecx) 
Now 



(a+6 sec x) n+ <■ (a+6 sec a;)" +1 



-(n + l)b 



6 2 l_(a + 6 



C seo z xdx i . i\7 r 

2 J (a+bsecxy+ - in+1)b J i 

2a 



sec 4 axfo: 



(a+6seca;) n+2, 

seca:) n+2 J 



(a+6 sec a;)"" 1 " 2 b^\_(a + b seox n (a+b seca?) n+1 (a+6 sec a;)' 

sec'a; 1 T 1 3a , 3a 2 

(a-t-6seca;)" +1 — P l_(a+&seca;)"- 2 (a+6 seca;)" -1 (o + 6 sec a;)" 

(a+6seca;) n+1 J 



5 



sec*a; IT 

a+6seca;)" +3 ~FL 



4a 



6a 2 



(a+6 sec a;)""- 2 (a+6 sec a)"" 1 (a + 6 sec a) n 
4a 3 , a4 ~| 



(a+6 sec x) n+1 (a+6 sec x) 



n+% 
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, r dx r adx tan a; sec a; , n-f 1 C dx 

'J (a+b sec xf ~J (a+b sec xf +1 (a+b sec xf +1 b J (a+bsecxf 

2a(n+ l)r dx a 2 (n+l) r dx , 2 r dx 

b~~J (a+b sec x) n+1 6 J(a+6seca;) n+2+ PJ(a+&seca;)"-- 2 

_6a r dx , 6a? f & _2a s /" c?a? 

i 3 J (a+6 sec a;)"" 1 6 3 J (a+6 sec xf 6 s J (a+6 sec a;)" +1 

w+1 /» da; , Aa(n+l) r dx _6a 2 (n+l) r dx 

b z J (a + bsecxf-^ P J (a+bsecxf- 1 b s J(a+bsecx) n 

■ 4a 3 (»+l) r da; _ a 4 (n+l) r (fa 

- 1 " 63 J (a+6seca:)" +1 6 3 •/ (a+6seca;)" +2 ' 

r da; _ n— 1 f_ & , 2a(2n— 1) f da; 

J (a+6seca;) n 6 s J (a +6 sec a;)"- 2 6 s J (a+b sec x)"" 1 

, (w+l)(6 8 — 6o')+6o r da; a6 2 (6-2n--2)+2a 3 (2n + l) 

+ 6 3 J (o+ 6 sec a;)"" 1 " 6 3 

r da; a 2 (w+l)(a 2 — b 2 ) T da; tan x se c a; 

J (a+6seca;) a+1 P J (a+6seca;)" +2 (a+6seca;)'' +1 ' 

Transposing, dividing and writing n — 2 for n we have : — 

f dx_ n — 3 r da; . 2(2n— 5) 

J (a+bsecxf (»-l)« 2 (a s -6y (a+6seca;) n - 4 " 1 "a(n— 1) (a 2 — b 2 ) 

f dx (n— l)(b 2 — 6o 2 )+6a— ¥ C dx 

J (a+ b sec a;)"- 3 + a\n—l)(a 2 —b 2 ) J (a+b sec a;)"" 2 

, b 2 (b— 2n+2)+2o 2 (2n— 3) / » da; i 3 tan a; sec a; 

i ~ a(w— 1) (a 2 — 6 2 ) J(a+6seca;) n - 1 a\n-l)(a 1 -6 2 )(a+6seca;)"- 1 

(5) 
In a similar manner we may find : — 

f dx w— 3 r da; , 2(2w— 5a;) 

J (a+bco'cxf ~ (n— I) (a 2 — &V (a+&co'ca;) n -4 a(n — 1) (a 2 — 6 2 ) 

r dar , fw— !)(&*— 6a 2 )+6a— b* C dx 

J (a+ b cosec a;)"" 3 + a?(n— l)(a*— b 2 ) J (a+b cosec a,-)"" 2 

. b\b — 2« +2)+2a 2 (2ri. — ^ g x 6 3 cotan x cosec x 

o(n—l) (a 2 — 6 2 ) J (a+6co'ca;) n - 1 + o s (n-l)(a 2 -6 2 )(a+6co'c a;)"- 1 

(6) 
Now 

r sin^da; __ 1 [~ f da; f dx 

J (a+b sin xf ~ b m \_J (a+b tan xf~"' ma J (a+6tana;)"- m+1 

, wi(m-l) . T da; f <fe ~| , 

+ 1.2 J (a+6tana;)'- m + 2+ *" ,+ J (a+fttanipj' {m) 

the coefficients of the partial fractions within the brackets being the succes- 
sive terms of (1 — a) m . Similarly for other Trigonometric functions. Hence 
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the preceding equations enable us to integrate the general form 

sin m xdx 
(a+b sin x) n 
involving any of the trigonometric functions. 

It is important to notice that m may have any value, positive or negative 
as I will presently show, and hence the equations apply also to 

/- -. -r—. — r-, etc., constituting a general class. 
sin'"a;(a+6sina;) n ' ' B 6 

r i—. r-= = 

(a+bsmx)-" 
J{a-\-b sin x) p dx, and they must be expanded and integrated, the others be- 
ing integrated by the formulas above. 

Let y = 90° — x, then cos y = sin x, dy = — dx. 

/dy C dx b cos x 

(a+b cos yf ~ J (a+&sinz) n ~ (%— l)(a?— 6 2 )(a+6sin xf~ l 
2n — 3 C dx , n — 2 C dx 



r dx , w— 2 r 

J (a+6 sin a?)- 1 "*"(»— l)(a 2 — b*y (a- 



(n— l)(a 2 — b 2 )J (a+bsmx)"- 1 ' (n— l)(a 2 — b*y {a+b sin «)"-» 

b sin y , In — 3 C dy 

~~ («— l)(a 2 — b 2 )(a+b cosyf^^ (n— 1) (a 2 — 6 2 )J (a+icosy)"" 1 

_ ">— 2 f % / 7 \ 

(n— 1)(« 2 — 6V (a +6 cosy)"- 2 ' w 

which is the same as eq. (2). 

Hence the formula for /F(cos x)dx may be obt'd from that for fF(sinx)dx 
by replacing sin a; with cos a;, etc., and changing the signs of the terms with- 
out the sign of integration. The formulas for/F(cota;)da; and/F(coseca;)fl!a; 
may be writ'n in a similar manner from those of/F(tana;)<£e and/F(seca;)cfa;. 
Again, cosec x = (1-r-sin a;), sec x = (1-r-cos x) and cot x = (1-j-tan). 

cosec m a? dx sin n-m a; dx ,~ ^ 



(a+b cosec xf (b + a sin x) n 

sec m x dx cos"~ m a; dx 

(a + b sec xf (b+acosx)"' 
cot OT a; dx tan n ~" l xdx 



(11) 

. _... (12) 

(a-f6cota;) n (6+atana;) n v ' 

These eq's enable us to integrate the three former forms in terms of the 

three latter, or vice versa, whether m is positive or negative. See eq. (m) and 

the remarks following. 

et 7 /i\ C dx C cos z xdx 

Example (1). I r—nr ~t = I rt ; 

J sec x(a+b sec x) J (b + a cos x) 

= ^ [> + acos^-25/^ + 6 ./ CB _^] (13) 
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Eqn. (13) may be used, giving results in terms of the cosine throughout, 
or (14) may be used. Using (13) we have : 

dx_ _ sin x bx 2b 2 , ^T/6 — a \i + x ~\ 

seca(a+&sina) cT ^ + (6 2 — cfif n [_\b+a'> 2_T 

Example (2). f *L. = C cot'xdx 

J ta.nx{a-{-ota,nx) J (b + « cot x) 

- £[/(6 f acot^-26/^+6^^^--] (16) 

which are in known terms and may be treated similarly to the above. 

Example (3). f ™¥*L- = \ V f . p. .+« f ^ 1 . 

J (a+b cosa;) s 6|_y («-)-& cos a;) 2 Ja+6 cos a;) s J 

Now a f , f _ = A - B C-—P-—+ C (** ; 

J (a+bcosxy J (a+bcosxf J {a+b cos a;) 

= A-B (D-E f - p. \ + C f ^ 

\ J (a+b cos x)J J (a+b cos a;) 

J(a+6cosa;) 2 J(a-f 6 cosa;) 3 J (o + 6 cos a;) 

- (BE + C) C—-p . = D+BD~A-(C+E+BE) C- p _. 

'J(a+6cosa;) v J J (a+b cos x) 

l n the ^bo-c A — ab S1 ' u - B — 3ft2 C- a 

W-°?) (a+b cos xj' B ~ Wp^a^y W 1 ^), 

D = 6 sin a: E _ a # _ _ _ Ztfb sin a; 

(5 2 — a 2 )(a + ^cosa;)' #— a 2 ' ' ' 2(5 2 — a 2 ) 2 (a+£ cos^) 

and i^^-J^is^. Therefore 
2(& 2 — a 2 ) 2 

/ cos a; cfo osin x(2a 2 +P)+h sin a; cos x(a?+ 2b*) 
(a+b cos a;) 3 ' 2(£ 2 — a 2 ) (a+6 cos a;) 2 

3ab C dx 

2(b 2 —a s y (a+b cos a;) 
_ qsina;(2a 2 +5 2 )+5sin a?cosa;(a 2 + 25 2 ) , Sab _,p/ a _5\i ^-j 

'" " 2(5 2 -a 2 X«+6cosa ; ) 2 + (tf-Ef> tan |JS+W tan 2j 

where a> 6. 
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Other Forms. 

/em m x cos r a; dx Csm m x cos r ~ n x dx HI — cos 2 x) Km cos r x dx , * 

(a+bcosxf ~~ J (b+asecxf J (a+b cos xf ^ 

_ __ m— cos 8 ^'"- 1 Wa: d cos x (b) 

J (a+icosaj)" ' ^ ' 

If m is even the right-hand member of (a) may be developed into a finite 
number of terms and integrated by the preceding formulas. If m is odd 
eq. (b) may be developed and will take the form of a rational fraction, with 
or without a series of mononomial terms, and may be integrated according- 
ly; or since each term would be of the form : z m (a + bz)~"dz, the exponent 
within the parentheses being unity, the successive terms may be integrated 
by substitution. 

sin m # cos'a; dx sin" l_n a; cos r a; dx (1- 



(a + b sin xf (b+a cosec a;)" (a + b si n xf 

(1 — sin 2 a;)^ (r-1) sin m o? d sin x 



(c) 
(d) 



(a+b sin xf 

These may be treated the same as (a) and (b). If n = in (a) and (5) 
we have the more special form : 

sin'"# cos r aJ dx = (1 — cos 2 n*)^'"cos r a; dx, if m is even, or 

= (1 — cos 2 t)^ (ot-1) cos r a; dcosx, if m is odd. 
This may be developed and at once integrated which process is preferable 
to that involving the usual formu's for this case, formulas which provide for 
special sub-cases and involve successive integrals of different orders. 

The above includes also the more special case in which m = or r = 0. 

/cos™a;cZa; rcos m-1 a;cosa;<:7a; T , , 7 . 
f = i — ; — — r- . .Let cos xdx = dv, sin x — v, 
(a+b ten xf J (a+^tano;)" ' ' 

cos m-1 a; / „ cos m-2 a;sina;cfa; ,-cos m-1 a;sec 2 :»(£c 7 
= u, - (m-1) . ,,. „ m5 7^X7T7^VHT = du > 



(a+b tan xf ' {a+btanxf (a+b tan x) n+1 

, /i\ cos"* - 2 x sin x dx ■, cos m a; tan x{\ +ten 2 x)dx 

. • . vdu = — (m — 1) —7 f nb F -i — '———J — 

v ' (a+b tan xf (a+b tan xf +1 

t cos m aj tan x / -,\ cos m a; tan 2 a 

= — nb- — — = j— — a(m — 1) 



(a+5tan.-B)" +1 v ' (a+b tana,-f +l 

t, , 1N cos™a;tan 3 a; 

— b(m+n — 1)- f -j— 

1 '(a+b tan xf +1 

ncos m x . ancos m x a(m — 1) cos m a; 

"(a+6tan xf (a+b tan xf +1 ¥ " (a+bianxf-i 

2a 2 (m — 1) cos m a: a s (m — 1) cos m # 

" P (a+btanxf P (a+btenxf +1 
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m-\-n — 1 cos m a? . 3a(m+n — 1) cos**# 

W~ (a+fitaDa;)"- 2 + b 2 (a+btirn a;)"- 1 

_ 3a?(m+n—l) cos m a; ■ a\m+n— 1) cos m a; . 

¥ (a+b tan xf^ b 2 (a+b tan x) n+1 ' 

— _ m + n — 1 cos'"a; , a(2m+Sn— 2) cos m a; 

~ W~ (a-f5tana;)"-2 + b 2 (a+b tana;)"" 1 

_ a 2 (m+Zn— l) +b*n cos m a; , an(a?+b 2 ) cos'"a; 

5 -2~ ( a +5tana;) a+ b 2 (a+bta.nx) n+1 ' 

/cos m xdx cos" l ~ 1 x sin x.m+n — 1C eos m xdx 
(a+bt&nx) n ~ (a-\-btenx) n ^~ F J (a+b tan x) n+i 

_ o(2m+3>t— 2) r eos m xdx , a\m+Zn— l)+b 2 n C cos m xdx 

b 2 J (a+b tan a,-)" -1 £ 2 J (a+6 tan a;) n 

an(a 2 +b 2 ) C cos m xdx 

b 2 J Ja+bta^xf+ i ' 

Transposing, dividing by — *■ ^ — ^, and writing n — 1 for n we finally 

get: — 

cos m a;cfa; 5 2 cos""" 1 a;sina; 



J (a 



(a+5tan a;)" a(n— 1) (a?—b 2 ) (a+Stana;)"- 1 

, a\m + Sn— 4) +b 2 (n — 2) f cos'"a;rfo 

"*" " a(n—l)(a 2 +b 2 ) J (a- 



(n—l)(a 2 +b 2 ) J (a+b tan a;)"" 1 

(2m+Sn— 5) C cos m xdx , m+n—2 C cos m xdx ,. 

~{n— [)(a*+b 2 y (a+btmx) n -^a(n—l) (a 2 + ¥jJ {a+btanx)"-^' W 

Now 

/ sin'"a--cZa; __ f cos'"a; tan"Wa; 
(a-l-Stana;)" J (a+b tan a;)" ' 

tan^a; 

- may be separated into a series of partial fractions, each may 



(a+b tana;)' 

be multiplied by cos'"a;dr and integrated by eq. (e). 
The above includes 

sin'"a; cos r a; cos m+r a; tan m aj 

(a+b tan x) n (a+b tana;)" ' 

Again 

"sin m a; cos r a;c?ai f cos m+r_n a: tan'"+"a;c?a; 



/sin m a;cos r a;c?ai _ As 
(a+b cot x) n ~~ J ' 



(a+b cotx) n J (6+atana;)" ' 
which may be integrated by the above, and which includes special cases in 
which r = or m — 0. 



